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Abstract 



Let (M", g) be a compact Riemannian manifold with boundary dM. This 
article is concerned with the set of scalar-flat metrics on M which are in the 
conformal class of g and have dM as a constant mean curvature hypersur- 
face. We construct examples of metrics on the unit ball B", in dimensions 
n > 25, for which this set is noncompact. These manifolds have umbilic 
boundary, but they are not conformally equivalent to B". 

1 Introduction 

Let (M", g) be a compact Riemannian manifold with boundary dM and dimen- 
sion n > 3. In 1992, J. Escobar addressed the question of finding a scalar-flat 
conformal metric g - W^g which has dM as a constant mean curvature hy- 
persurface. This problem was studied in [2J, |9|, |16|, [17J, |18|, [27J and [28|. 
In analytical terms, it corresponds to the existence of a positive solution to the 
equations 



for some constant K, where c„ = and d„ = ^ . Here, Ag is the Laplace- 
Beltrami operator, Rg is the scalar curvature. Kg is the mean curvature of dM 
and rj is the inward unit normal vector to dM. 

Escobar's question was motivated by the classical Yamabe problem, which 
consists of finding a conformal metric of constant scalar curvature on a given 
closed Riemannian manifold. This was completely solved after the works of H. 
Yamabe (135|), N. Trudinger (|341), T. Aubin ([4J) and R. Schoen (130|). (See 1221 
and [.32J for nice surveys on the issue.) Conformal metrics of constant scalar 
curvature and zero boundary mean curvature on the boundary were studied 




AgU - CnRgU = 0, in M, 

|r - d„KgU +Ku^2 =0, on dM, 



(1.1) 



in IZ], [151 (see also [31 and |20 |). 



The solutions to the equations | |1.1| are the critical points of the functional 



Q(") = 




where dvg and dOg denote the volume forms of M and dM, respectively. In order 
to prove the existence of these solutions, Escobar introduced the conformally 
invariant Sobolev quotient 

Q(M, dM) = inf {Q(m); u e C^(M), m ^ on ^M} . 

In this work we are interested in the question of whether the full set of 
solutions to is compact. A necessary condition is that M is not conformally 
equivalent to the standard ball B". We point out that if the equations have 
a solution m > with K positive (resp. zero and negative), then Q(M75M) has 
to be positive (resp. zero and negative). If X < 0, the solution to the equations 
is unique. If K = 0, the equations become linear and the solutions are 
unique up to a multiplication by a positive constant. Hence, the only interesting 
case is the one when K > 0. 

The problem of compactness of solutions to the equations was studied 
by V. Felli and M. Ould Ahmedou in the conformally flat case with umbilic 
boundary ([18 1) and in the three-dimensional case with umbilic boundary ( ||T9] ). 
In [1], the author proved compactness for dimensions n > 7 under a generic 
condition. Other compactness results for similar equations were obtained by 
Z. Djadli, A. Malchiodi and M. Ould Ahmedou in inillll, by Z. Han and Y. Li 
in 120 J and by M. Ould Ahmedou in [29] . 

In the case of manifolds without boundary, the question of compactness of 
the full set of solutions to the Yamabe equation was first raised by R. Schoen 
in a topics course at Stanford University in 1988. A necessary condition is that 
the manifold M" is not conformally equivalent to the sphere S". This problem 
was studied in El, jHH, 121, lEH, ||25l, ||26l, ^ and HSH and was completely 
solved in a series of three papers: [6], [8] and {21]. In [6], S. Brendle discovered 
the first smooth coimterexamples for dimensions n >52 (see [5J for nonsmooth 
examples). In ETll , M. Khuri, F. Marques and R. Schoen proved compactness 
for dimensions 3 < n < 24. Finally, in [8|, Brendle and Marques extended the 
counterexamples of \6j to the remaining dimensions 25 < n < 51. 

It is expected that, as in the case of manifolds without boundary, there should 
be a critical dimension mq such that compactness in the case of manifolds with 
boundary holds for n < Hq and fails for n > Mq- Iri this work we partially answer 
this question by showing that compactness fails for dimensions n > 25. More 
precisely we prove: 

Main Theorem. Let n > 25. Then there exists a smooth Riemannian metric g on B" 
and a sequence of positive smooth functions i'^v]'^^^ with the following properties: 

(i) g is not conformally flat; 

(ii) dB" is umbilic with respect to the induced metric by g; 



(Hi) for all v, is a solution to the equations {1.1* with a constant K > and 
M = B"; 

(iv) Q{v^) < Q{B", dB)for all v; 

(v) sup^g,, Vv asv oo. 
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In order to prove the Main Theorem, we follow the program adopted in 
f65 and [8J. In Section |2| we show that the problem can be reduced to finding 
critical points of a certain function !7~^(£, e), where £, is a vector in and 
e is a positive real number. In Section |3j we show that the function 'J^g{S„e) 
can be approximated by an auxiliary function F(£„e). In Section |4j we prove 
that the function F(5, e) has a strict local minimum point. The cases n > 53 
and 25 < n < 52 are handled separately in Subsections 4.1 and |^2] respectively. 



Finally, in Section|5| we use a perturbation argument to construct critical points 
of the function 17^(5/ £) and prove the non-compactness theorem. 

Notation. Throughout this work we will make use of the index notation for 
tensors. We will adopt the summation convention whenever confusion is not 
possible and use indices 1 < i, i, j, k, l,m,p,q,r,s <n-l and 1 < a,b,c,d <n. We 
also define constants c„ = and d„ = ^ . 

We will denote by the Laplace-Beltrami operator. The volume forms of 
M and dM will be denoted by dv^ and da^,, respectively. By 7] we will denote the 
inward unit normal vector to dM. The scalar curvature will be denoted by Rg , 
the second fundamental form of dM by tth and the mean curvature, -j:^tr{nki), 
by Kg. 

By ]R" we will denote the half-space {x = (xi, ...,x„) e R"; x„ > 0). If 
X e K'l we set x = (xi, ...,x„_i,0) e = R"-i. For any xq e R'j we set 
B^{xo) = (x e R" ; |x-xo| < r]. The n-dimensional sphere of radius rinR""^^ will 
be denoted by S" and a„ will denote the area of the n-dimensional unit sphere 

cn 
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2 Lyapunov-Schmidt reduction 

Given a pair (^, e) e R"~^ x (0, oo) we set 



"<^-->^"^i (. + x„)^ + |x-4F j ' f--^^"- 
Observe that M(E,e) satisfies 

fA«(t.)=0, _ inR«, 

ll:"(t.) + («-2)«(t)-0, on^R^, 



and 



2(2- 



n-2 



n-l 

(2.2) 



3 



Let us define 



(e + x„)2 + |x - 5P/ (e + x„)2 + |x - 
2e{xk - i,k) 



and 

(p{Le,k){^) " 1 + x^^^l + |jf _ ^|2 1 (e + ;(.^_)2 + |jf _ ^|2 

for X e R" and k = 1, ...,n - 1. Observe that 

(p{E,€,n){^) ■ {{e + X„f + \X- ^P) = ^"(WW ' 

(l)(i,,e,k)i^) ■ {{e + X„f + \X- ^P) = ^"(£,ir)(^) ' 

for k = l,...,n - 1, and that ||(/)(5,e,fl)||^2(2-i)^^^_^^ is independent of (e, 5) e IR""^ X 
(0, oo), for any a = 1, n. 
We also set 

L = }^eL^2{Ml)nL-^{dW^)nHjjUl); J \dw\^ < oo\ , 



JdR'i 



1 

and lliflli: = ^J^„ for w e L. Observe that M(5,e) e E(£^f) for each e 

]R"~^ X (0, oo). By Sobolev's inequality, there exists K = K{n) > such that 



(j-2 i!-2 



[ N^]"+fr N'^]"'<Kr \dw\^ (2.3) 

for all If e E. 

In what follows in this section we are going to find, for each pair (£„e) e 
R""^ X (0, oo), a function C(£ j.) e E which is an approximate weak solution to 
a Yamabe-type problem on R" . Then we will show that C(£ ^ ) is in fact a 
classical solution to this problem whenever (£„e) is a critical point of a certain 
energy function defined on R""^ X (0, oo). 

The following result is Proposition 26 of |6| and will be used throughout 
this work: 

Lemma 2.1. Suppose that we express the Riemannian metric g as g = expQi), where 
h is a trace-free symmetric two-tensor defined on R" and satisfying \h{x)\ < Ifor any 
X e R" . Then there exists C = C{n) > such that 



( 1 1 

R„ - {dadbhah - daihacdbhbc) + -zdahacdbHc " -idchubdcKb 



< C\h\^\d^h\ + C\h\\dh\^ . 
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Notation. In this section we suppose that g is a Riemannian metric on M" 
expressed as g = expQi), where ft is a trace-free symmetric two-tensor satisfying 
h{x) = for any |;c| > 1. 

Proposition 2.2. If\h{x)\ + \dh{x)\ + \d^h{x)\ < a < 1/or any x e R", then there exists 
C = C{n) > such that 

for all pairs (4, e) e R""^ x (0, cxj). 

Proof. It follows from the pointwise estimates 

|AjM(5,e) - CnRgU(i^)\ < C {\h\\oi^u^i^)\ + \dh\\du(^i,^)\ + i\d^h\ + |a/l|2)|M(5,e)l) 
and \d„KgU(i^,e)\ < C\dh\\u(^^e)\ that 

\\AgU^te)-C„RgU^l4\L^(Ul) 

< c{||/l||L»(lRJ)||5^M(5,e)||j^_2g,^j^„j + ll^/l|lL«(E:)ll<?M(5^)lli2(R^)} 



and 



\\d„KgU(i,,e)\\^2j^^^^„^ < C\\dh\y^^dKn^\\U(s,,e)\\^2^^^^„^ ■ 



From this the result follows. □ 

Lemma 2.3. Let B" = By^iO, --rOr-j) c W be the ball with radius \ and center 
(0, ...,0,-\). Let zi, ...,z„ be the coordinates ofB" taken with center {Q,...,Q,-j). For 
each pair {^,e) e R"~^ x (0, oo), the expression 

= + ^ (° 

defines a conformal equivalence 

C(5^):R:^B"\{(0,...,0,-1)) 

4 

that satisfies C^^^^6b" = where 6b« is the Euclidean metric on B" and 6 is the 

Euclidean metric on R+. For any smooth function f on M", we have 

_n+2 

ABnU(^,e) = U^£^Af (2.4) 

and 

l^fi(U) -in- 2)M(5,e) = ^ ' (2-5) 
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where U(^i^^) = (/"(j.^^)) ° C^^^^y Moreover, 



£ d 1 



and 



£(9 1 

Proof. These are direct computations. The assertions ( |2.4| and ( |2.5| follow 
from the following properties of the conformal operators Lg = Ag - c„Rg and 

^,a//«"') = ""^V and B^^^^(/«-i) = «-^B,/. (2.8) 

□ 

Lemma 2.4. T/zere exfsts = d{n) > smc?z ttot 



r |dzi;|2-2 r ti;^-20(r |rfz<;p + (n-2) r ) + ^ ( f ' 

Jb« J^B" \ Jb" J(?B" / " \jdB" 



■w\ > 



for any w e H^{B") such that w -Ll2(<?b 

}. Here, we are following the 



notations of Lemma 2.3 



Proof. First we fix ^ zi; e H^(B") such that a; {l/Zj, -.,2:„}. Since 

^ ^^^^ ^^^^ ^ ^ Hi(B"), 4>fOon dB" and i/^ ±l2(5B") i| = 2 
I Xb" J 
and this infimum is realized only by the functions Zi, ...,z„, we see that 

r Idwl^ -21 z<;2 > . 
Jb« Jbb" 

Hence, 

1 |dti;|2-2 r i(;2>20|r \dw\^ + {n-2)f wA (2.9) 

Jb" J<9B" \JB" J 33" I 

holds for any 6 > satisfying 

1 L\'i^\'-^L^' 



e < d{w) = 



2J^Jdw\^ + {n-2)f^^„w^ 



and the equality is realized by = d{w). 

We claim that there exists do > such that d{w) > do for any w e H^(B") 
satisfying w; ±l2(5B") (l/Zi, ...,z„}. Suppose by contradiction this is not true. Thus 
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we can choose a sequence c H^(B") such that wj ±i2(dB») ...,z«} and 

d{wj) — > as 7 ^ oo. Hence 

r Idzi;/ -if w] = W{wj) \ \ \dwj\^ + (n - 2) ( w] 

Jb" JdB" \JB" JdB" 

holds and we can assume that ^„ \dwjf- = 1 for any j. Thus, J^^„ wj < ^ for 
all j and we can suppose that Wj wg in H^{B") for some wq. Since H^{B") is 
compactly imbedded in L^{dB"), we know that wq ±^2(^5") (l/Zi, ...,Zk}. Let us 
first assume that Wq ^ 0. We set 

jS = ( \dwo\^ -2 I zvl>0. 

JB" JdB" 

Since liminf,^o<, f^„ \dwj\^ > J^„ [dzvof- and lim/^o<, j^^,, a;^ = j^^,, zf^^ ^,^11 as- 
sume that 



r Ida;/ - 2 r ti;^ > ^ for all j . 

Jb" JdB" ' 2 



On the other hand. 



^ I r |di(;/ + {n-2) f 
n \Jb" JdB" 

since J^„ Idwyp = 1 and J^^^, wj < ^. Hence, 

2e{wj)\ [ \dwj\^ + {n-2) f wA= f \dwj\^-2 [ w] 

\JB" JdB" I JB" JdB" 

which implies that 2d{zvj) > ^ for all j and contradicts the fact that 6{wj) 0. 

Thus we must have if = 0, which implies that zf^ as 7 00. Then, 

_i 

ifweseti&y = (_£g„ zvj^ ^ ify, we have i&y ^ K)oinH^(B"),forsomewo- Moreover, 

= lim I \dwjf- > I \dwo\^ 
Jb" Jb" 

and 

I wj = l= 1 zvl. 

JdB" JdB" 

From this we conclude that wq = const 0, which contradicts the fact that 
Wq ±j_2(5b„) 1. This proves that there exists do > such that d {w) > do for any 
w e H^(B") satisfying w ±l2((9B") (l/Zi, In particular, |2.9i holds, with 
6 = 60, for any w; e H^(B") satisfying w; ±l2(<9B") (l/Zi, ...,z„}. 
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Now, let w e H^{B") satisfy zv ±^(^5") (zi, --/Zn}. We write zv = zvi +b where 
is a constant and zvi ±l2(<?b«) 1- Then we have 



w 



f m^-lf w^-ldolf \dw\^ + {n-2)f wA + ^lf 

Jb» JdB" \Jb» JdB" I fO \JdB" 

= f \dwi\^ -if wl-2do\ [ + {n-2) f wl] 

JB" J SB" \JB" JdB" I 

-2(l + (n-2)0o) r b^ + ^i f b] 

JdB" t^O \JdB" I 

>[4 _2_2(n-2)0o) r b' 

Choosing Oq smaller if necessary, we can suppose that ^ - 2 - 2{n - 2)00 > 
and the result follows. □ 

Proposition 2.5. There exists 6 = d{n) > such that 

[ \dw\' - n f uf w" > 2e\zv\l - i ( r 
for all w e and any pair (4, e) e X (0, oo). 

Proof. Let w e T.(i,e) and set w = (wm~^^j) o C^^\y Using the fact that C[^(R") is 
dense in E with respect to the norms 11 • Ik, II • II 2" , . and || ■ || 2(»-i) , it is 

f II 111./ II IIl^(r») II llj^-L^^^j|^„j' 

easy to see that we can assume that zv e H^(B"). It follows from the expressions 



2 



( [Zgl and (|Z7) that 

I ZVZ„ = - I ZV(p(i^^e,n) = 

and 

I a>Zi=- I z<;(|)(£,e;c) = 0, A: = l,...,n - 1 . 
Then, according to Lemma 2.4 we have 

r |da;|2-2 r i(>2-20(r \dwf + {n-2)f wA+^lf a>)> 0.(2.10) 

Jb" JdB" \Jb" JdB" I " \ JdB" I 

Hence, using the formulas ( |2.4| and | |2.5| , we ealisy see that 

r \dw\^-2 \ w^= \ \dzv\^-n \ uf\zv^, 

Jb" JdB" Jwi JdKl ^ ' 

I \dw\^ + (n - 2) I = I \dzv\^ and I fi; = I wf'^^it' . 

Jb« JdB" JkI JdB" JdKl 

Now the result follows from substituting these last three equations in 1 2.10 1. □ 
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Corollary 2.6. Let K he as in (2.3 > and 6 be as in Proposition \2.5\ Then there exists 
< ao = ao{n) < 1 such that, whenever \h{x)\ + \dh{x)\ + \d^h{x)\ < aofor all x e ]R" , 
zve have 



jR'i I \JdRl I JK'i ' JdRl 



W 



(2.11) 

for all If e Z and 

I {\dw\^ + c„RgW^) + I (d„KgW^ - nu^ wA > ^\\w\\l - ^Aiwf (2.12) 

for all w e ^{^,e) and any pair (£,, e) e ]R"~-^ x (0, oo). Here, 

A{w) = I (AjM(i-,e) - c„R^M(j-,e)) a; + I (-d„KgM(£,e) + 2m^) a; . 
Proof. Let us first prove the estimate | |2.12| . Observe that 

(^gU(i„e) - CnRgU(i„e))lV> - \\^gU(l_,) - C„R^M(£,£) ||^ jg^ ^ \\w\\ ^^^^^ 

and 

> -\\d„KM(fe)\\ 2(11-1) , 2(«-i) +2 I m,"^^^^ 

Hence, by Proposition 2.2 and inequality | |2.3| we have 

A{w) > -Caollz^lli; + 21 u!^ 
JdRl ^"'^ 

Choosing uq small this implies 

A(wf > 4( r ult\i» 
which, together with Proposition |23| gives 

jR'l JdRl 

On the other hand, 

I (|da;|^ + CnKsjO;^) + I {dnKgW^ - nu^^ w^) 



32|U„||2 



"-^.zv^ > e\\w\\l - -A{wf . 



(2.13) 



/ 

JR 



\dw\^ - I nu"r^ iv^ + I \{g'' - b'')diwd jW + CnRgiv^] + \ d„K( 

R" J^R" ^ ' JRI JdR" 



w 



The fact that h{x) = for |x| > 1 and dZS) imply that 



Jr" 



g'' - 6'')diwdjW + c„RgW \ + 



J dm 



w 



(2.14) 



< Cao{l+K)\\w\\ 



Hence, 



r |dzi;|2- r nu^\ w'-Cao{\+K)\Mi. 



(2.15) 



Now the result follows from the inequalities (2.131 and | 2.15[l , choosing uq small. 
The estimate 1 2.11 1 follows easily from the inequalities l |2.3) and | 2.14| . □ 

Proposition 2.7. Suppose that \h{x)\ + \d h{x) + \d^h{x)\ < aofor all x e ]R", where ag 
is the constant obtained in Corollary 2.6 Given any pair (f„e) e ]R"~^ x (0, oo) and 

functions f e L^(R") and f e L"^(^R") there exists a unique w e ^(i,e) such that 

I (< dzv,dijj >^ +c„R^zvip] + I (d„KgWip - nu",^^ wiM = I /i/^ + I fip 

(2.16) 

/or aZ/ i/' e Moreover, there exists C = C(m) > such that 

\M\Z < C\\f\\ 2„ +C\\f\\ 2,„-l) 

Proof. Let us first prove the existence part. Following the notations of Corollary 
12.61 we define the fxmcional 



T{w) 



-f 



{\dw^^ + CnRg'up- - 2fw) + r {d„KgTAp- - nu",^,w^ - 2fw) + ^A(a;)^ 



for w; e Hence 



dTu,{4>) =21 (< dw,d\p >^ +CnRgZVll> - /l/'j + 2 I (rfnKg 
Jr" ' JfR" V 



lu^p - nu'^^^^^wi\) - 



+ -A(i(;)A(V^) . 



It follows from the identity \2.12\ that 

T{w)>^\\w\\\-2 f fw-2 [ fw 

> ?iHlr -2II/II 2„ INI 2„ -2II/II 2(„-l) 



'Lra(R';)" "LH^(R';) 



-V. ■, 2(n-l) 

L^^(5R!;)" "L^P:r(5R:;) 



> 4IK-C 



II 2((;-l) 

l^tH(5r:;) 
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where in the last inequality we used the estimate 1 2.3 1. So, T is bounded below 
and by a standard argument we can find a minimizer Wq for T over all functions 
in Now, integrating by parts we see that 

holds for all i/^ e C^(]R" ). Since this space is dense in E with respect to the norms 
II ■ IIe/ II • II > and II ■ II 2(«-i) , this identity holds for all li^ e E. Hence, 

the function w = Wq- ^A{^q) U(i,e) satisfies 12.16 1 for all i/^ e '^(i.e), proving the 
existence part. 

In order to prove the uniqueness part, suppose that w e "^(i^e) satisfies | 2.16| 
for all i/; e ^(5,f?)- In particular, 

I (|da;|^ + c„_RgZi;^) + I [d„K^,a;^ - mm"^^ w^j = I /zi; + I /if 



and 



Jr^ ' JaR!; 

Jr:; J5r'I 
since W(£,(r) e E(£e). Then | 2.12| implies 



< r (Idwl^, + c„RgZV^) + r (d„KgW^ - nu".l zvA + 
= 1 fw+ f fw+U \ fu^i,e) + 1 /m( 



< <{ ||a;|| 2„ + 7;l|M(f e)lP 2» llfll 2" ,,,,,, - 



|a;|| 2(„-i) + T:l|wf£6-ilp2(„ 11 llfll 20,-1) ,,,,,, 



< iK'mwWz + ^||m(u)|Pj^ 



L^iRl) ' "LTi^-iK)\ ' "LS+2(R») 



+ -^X^IMIj: + -||w(5,e)|r2j^ 



Hence, 



K 2, 



-INIe < + «ll%,.)ll ^ 



ls=2(r:;)I lst2(ri;) 



K 2 



+ i;ll"(£,.)lp2,„- 



LnT=2-(5R:;)J L^^(5R!;) 



and the result follows. 
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Proposition 2.8. Let uq be the constant obtained in Corollary \2.6\ There is a constant 
a\ = ai{n), < ai < ao, with the following property: if\h{x)\ + \dh{x)\ + \d^h{x)\ < a\ 
for all X e R", given any pair (£.,£) e IR"""^ x (0, oo) there exists a unique V(i^e) e ^ 
such that - M(£^e) £ and 

(< dv^^^,),d\p >g +CnRgV^i-_e)lp)+ (dnKgV(i^^e)4' " (" " '2-)\V(l,,e)\^^V{i,,e)^) = 

JsJi JdK'i 



for all e ^(^^e). Moreover, there exists C = C(n) > such that 



- W(£,f)llE < C||A^M(4,,) - c„_RjM(5,,)|| 2J, + C||d„i%W(5,.)ll, ?(ti),,„„, (2.17) 



In particular, ^ 0. 



Proof. Using Proposition 2.7 we can define 



by &{^,e){f,f) = w, where w e satisfies 12.16 1 for all e 2I(te)- Hence, there 
exists C = C(m) such that 



We define a nonlinear mapping 0(£^e)(j:y) : ^ ^(Le) by 
where 



(2.18) 



/(5,e) - AjW(i;,e) - CnRgU(i^^e) 



and 



= -dnT^gU(Le) + (« " 2) |M(£,<r) + W^l "-^ (W(i;,<r) + w) - W ""^ - 



(£,e) „ _ 2 (^^-e) 



It follows from Proposition |Z2] and the inequality l |2.18| that ||O(£,e)(0)||£ < Cai. 
Since 



|M(£,e) + If I "-2 (M(£,f) + a;) - |W(£,e) + W\ "-2 (M(£,f) + z&) 



we have 



< C "-2 + \w\ «-2 ^ Iw - wl , 

||0(£,,)(ti;) - 0(i;,,)(l&)||i; 

< C + \w\^-^(w - z&) 



n-2 (^'^) 



u^-lAw - w) 



2(n-l) 



< ||a;||"2j„_j, + 11*11 "2(„-i) Ml^-^ll ?<!t:i) 
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for all w,w e ^{E,e)- Hence, it follows from the estimate | |2.3| that 
- 1>(£,.)(*)llz < c(||a;|||^ + 11*11 jp) 



\\w - w\ 



for any zv,iv e '^{i,e)- Thus, for ai small, the contraction maximum principle 
implies that the mapping 0(£,e) has a fixed point w^^^c)- Now the result follows 
from choosing C(£ - + W(i,e)- Observe that V(i,e) cannot be identically zero 
because of | 2.17| and Proposition |2.2| with a - a\ small. □ 

Given a pair (£., e) e ]R"~^ x (0, oo) we define 

rg{l,e)= f (|di;(£,,)|2+c„VL))+ r dnKgvf^,. (2.19) 



(n-2)2 f 2^ n-2 f 



Proposition 2.9. Suppose that \h{x)\ + \dh{x)\ + \d^h{x)\ < a\for all x e R", zftere 
ai is the constant obtained in Proposition \2.8\ Choosing a\ smaller if necessary, the 
function Tg is continuously differentiable and, if {i„e) is a critical point ofTg, then 
v^l^ g) is a positive smooth solution of 



In the proof of Proposition 2.9 we will use the following removable singu- 
larities theorem, which is a slight modification of Proposition 2.7 of ||22| : 

Lemma 2.10. Let (M", g) be a Riemannian manifold with boundary dM. Let x e dM 
be a boundary point and H (Z Man open set containing x. Let ubea weak solution to 



I AgU + (pu = 0, in ^\{x 
in 



f-+ipu = 0, on^(r^^M\{x], 



where (p e L^^^) and ip e L"-^^^ n dM). Suppose that u e L'^{^^) n LP{^^ n dM) 
for some cj > and p > Then u is a weak solution to 



AgU + (pu = , inHA , 



^"+4>u = 0, on^indM. 



Proof of Proposition 2.9 Given a pair (Le) e R" ^ x (0, oo), by the definition of 
V(^i^^), there exist ba{S„£) e'R,a = l, ...,n, such that 

(<dv^l,,e),dlp>g +C„RgV^^^e)^)+ (dnKgV(£,_e)^ - {n-2)\V(^,e)\^^V(£,^e)^) 

JkI JdTR'l 
n p 

= y i7„(Le) ■ I (p(l,e,a)^ 
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for any ip e L. Hence, derivating the expression 1 2.19 1 and observing the 
identity 1 2.2 1, we obtain 



~de 



and 



" r d 



k = \,...,n-l. 



On the other hand. 



since - M(5,e) e This implies 



and 



/ 

J(9R 



= ^<|>(5,e,«)(^(i;,ir) - U^Ke)) 



J5R" (^'^k 



where 



j3(M) = -e r (p{l,e,n)-^U(i,e) = £ [ (p{i,e,k)^U(l,€) >0, k = 1, ...,n - 1 . 



Thus 



-MLe)iS(n) = -^(Le) + e 



Similarly 



5R" '^5fc 



-(/)(i;,e,fl)(^(Le) " "(te)) 



for A: = l,...,n - 1. Hence, if (£„e) is a critical point of T'g, then there exists 
C = C{n) such that 



fl=i 



n=l 
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By the estimate {2.3 > and Propositions 



2.2 



and 



2.8 



^{l,e) ~ W(£,<rJI_2("-i) ^ 



CX^ai. Thus, choosing ai small, we must have ha{i„e) = for a = l,...,n. 
Hence, 

I i<dv^i^eyd^p>g+c„RgV^^,^^) (2.21) 
+ I (rf„ Kgi;(£,^) i/' - (m - 2) |z;( j^g) I A ^ g_ ^) = 

JdRl 

for any i/^ e E. 

Now we are going to show that V(i^i) > on dH". To that end, we set 
i/) = min(C(£ 0} and use the equation < |2.21| to conclude that 



jR«n{t>,E,,)<0) 

+ I dnKgV^,-. ={n-2) I 

J(9R:n|p,f ,,<01 ' J<9R!;n|i>(£,i,)<0) 



(2.22) 



^^n|p,£,,,<o) 

Using 1 2.11| with w - ijj we see that 



2(11-1) 



)i-2 

l^J5R!;n|z;,E,)<0) j J R!;n| <0) 

+ 2K I d„K^,i 



From this, together with 12.22 1, we deduce that > almost ever5rwhere on 

1 



dU'l or 



/ 

J5R';n|zi,Ej)<oi 



2K{n - 2) 



On the other hand. 



r 2(5-1) V<"-" / r 2m\2"«-« 

"-2 < \V(l,e) - UCi,e)\ \ <CK2ai. 



Hence, choosing a\ sufficiently small we have z^^^ ^j > on (91R" . In particular, 
the equation 1 2.21| can be written as 



for any ijj e H. By a result of Cherrier in [lOJ, is smooth. 
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The fact that i^jj g) > in IR" is just a consequence of the maximum principle, 
as follows. We set g = g, where u{x) = (1 + Observe that u satisfies 

11+2 

Ail + n{n - 2)m^ = in R" and we have 



CnRg = -ii "-^Am-m "-^ {Agii - Aii - c„RgU) 

> n{n - 2) - Cu-'^- [\h\\d^u\ + \dh\\du\ + {\d^h\ + \dh\ 



Using the facts that h{x) = for |x| > 1 and \h\ + \dh\ + \d^h\ < Cai we can assume 
that Rg > 0, by choosing ai small . 

Let S'l be a hemisphere of S"^2- use the well known conformal 

equivalence between S" \(xo} and IR" realized by the stereographic projection, 
where xq e 35%. Under this equivalence, the standard metric on S" is written 
on ]R" as M^6, where 6 is the Euclidean metric on R". We set v = m~^?7(£^). By 



the properties 1 2.8 1 of the operators Lg = Ag- c„Rg and Bj 



_ d_ 

- 5,, 



■ d„K„, we have 



0, inS:;, 



and 



Bg{v) + {n-l)v^- = u~~2B„v,ii) + {n - 2){u~^v,ii))^ =0, on ^S" . 



To establish the last two equations, we also used Lemma 2.10 



Since Rg > 0, it follows from the maximum principle in S" and the Hopf 
Lemma that if z) > on dS'l then we have either 5 > or z; s in S" . The latter 



contradicts the last assertion of Proposition 2.8 Hence, > on dSI implies 
that > in S" . Since we have proved that > on we conclude that 



> OinR". 



3 An estimate for the energy of a bubble 

In this section we will show that the energy function 'Fg can be approximated 
by a certain auxiliary function. 

We fix a multi-linear form W : R"xR"xR"xR" R satisfying the algebraic 
properties of the Weyl tensor We set 

n 

|W|2= i^acbd + Wadbcf 

a,b,c,d=\ 

and assume that |Wp > 0. Recall that throughout this article we work with 
indices \ < i, i,k,l < n - \ and 1 < a,b,c,d < n and set x = (xi, ...,x„_i,0) e 5R" 
whenever x = (xi, ...,x„_i,x„) e R" . For x e R" we set 

Hij{x) = Hij{x) = Witjix'^x' and H„{,(x) = 
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and define H„i,{x) = f{\x\'^)H„b{x), where 



d 



f{s) = Y,'^js'. (3.1) 

;=0 



The integer < rf < ^ and the coefficients uq, ...,ad e ]R will be chosen later. 
Observe that H is symmetric, trace-free, independent of the coordinate x„ and 
satisfies 

x"Hab{x) = x'H,;,(x) = = daHab{x) = diHib{x) , for any X e R" . 

We define a Riemannian metric g = expQi) on ]R" where h is a trace-free 
symmetric two tensor on ]R" satisfying 

(h„b{x) = ^/A27(A-2|x|2)H«fc(x) , for \x\<p, 
\h„b{x)=0, for|x|>l. 

Here, fi < 1, A < p < 1 and we suppose that h„b{x) = for any x e M" and 
d„hab{x) = for any x e (91R" . We also assume that \h\ + \dh\ + \d^h\ < ai where ai 
is the constant obtained in Proposition 2.8 Observe that 

x"hab{x) = x'hib{x) = = dahab{x) = d,hib{x) , for |x| < p . 

and habix) - 0(/j(A + |x|)^''^^). The second fundamental form of (91R" satisfies 

1 

n,j = r;A = -{g,„j + gjn, - g,j_„) = . 

In particular, the mean curvature of is given by = -^g'^nij = 0. 



Using Proposition 2.8 for each pair (5, e) e M" ^ X (0, oo) we choose V{i„e) to 
be the unique element of E such that ^(^^e) - M(£,e) e 21(4,^) and 



Jr" J^r" 



for all ip e 

Finally, we define O = {(5, e) e R''-^ x (0, oo) ; |4| < 1, 1 < e < 2} . 
Proposition 3.1. For any pair (5, e) e AQ tfe /iflce f/ie estimates 

||a,M(5,.) - c,,R,«(5,.) + fiA2''/(A-^|xp)H,y5,,9,«(,,,)||^ . ^^„^ < Cfi^A^^^* 
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Proof. We just observe that 

|AjM(5,,)(x) - CnRs{x)u^te){x)\ < CfzA^(A + \x\)^^^-" 

and 

for |x| < p. In the last inequality we used the fact that, since d„hab{x) - for 
|x| < p, LemmaOimplies that \Rg{x)\ < \dh{x)\'^ + \h{x)\\d^h{x)\ for |x| < p. □ 

Corollary 3.2. For any pair (£,, e) e AQ we have the estimate 

,1-9 

11%,.) - «(L.)IU(j,„, + 11%,.) - U^t,e)\^j^^,^,^ ^ C^^''^' + 



Proof. It follows from Proposition 2.8 and the estimate 1 2.3 1 that 



where we used Proposition |3 . 1 1 in the last inequality. □ 

In order to refine the estimate of Corollary |3.2} using Proposition |2.7| with 
hah - we choose the function zv^^^e) to be the unique element of S(£,e) satisfying 

I <dw^i,e),dip> - I nuF' wd^^e)^ ^ - I ^A^''f{A~^\x\^)H,jdidjU^i^e)^ 

(3.2) 

for all \p e ^{te)- Observe that, since x'H,y(x) = for any x e K", we have 

U>(0,e) = 0. 

Proposition 3.3. The function 0^(5,.) is smooth and satisfies, for any pair (5, e) e AQ, 
\d''w(i_,){x)\ < CA"^ f/(A + |x|)2''+4-''-" , for allxe'R!l,k = 0, 1, 2. 

Proof. First observe that there exist real numbers ba{E„e), 1 < a < n, such that 
(5,e) satisfies 

I <dw(^^_e),d^> - I nur^ w^i^e)^ (3.3) 
= - r ^A2''/(A-2|x|2)H,^^,<9^M(£,,),/; + y f7„(Le) f 

Jr« ^ J5R^ 

for all i/) e E. Hence, it follows from standard elliptic theory that if(5,e) is 
smooth. 
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Now we are going to prove the pointwise estimates. Observe that 



2d+2 



(3.4) 



Then we apply Proposition 2.7 with h„l^ = and use the estimates | |2.3| and ( |3.4^ 
to conclude that 



2d+2 



Moreover, we can use the equation | |3.3| with i/^ = <p{(^,e,a) to conclude that 

n 

Y^\K{S„e)\<C^A^ 



\2d+2 



fl=0 



Hence, 



|Aa;(^,e)(x)| = |/.[A^'^/(A ^\x\^)Hij{x)didjU(i^^g){x)\ < jiA "^^{A + \x\ 



,2d+2-n 



for all X e R", and 
d 



dx„ 

for all X e dWl. 



fl=l 



/iA2(A + |x|) 



2d+2-n 



2rf+2 



Claim. supj.g][j„(A + |x|)"2 |z<;(£,e)(x)| < CjuA 

We fix Xq e R" and set r = |(A + |xol). Then we see that 



"(I < Cr , for all x e B;!"(xo) , 



— m;(j:,^)(x) + nu^^^^w^i-,,){x 



< CijA^r^"^-'-" , for all x e B+(xo) n ^R'^ 



and 



|Aa;(£,^)(x)| < CjiA'^^r^'^^^-" , for all x e B;r(xo) . 



It follows from standard interior estimates that 



+ Cr2 



L"(B+(xo)naR«) 
s Jd+2- 



< C^A^''^^ + C^iA'^^r^'^^^^'^ + C^A^r^'+^-J 
<CfiA2'*^2^ 

since we are assuming that d < This proves the Claim. 
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Since sup^gjjn Ix]"^^ \w^i^){x)\ < oo, for a]ix = {xi, ...,x„-t,x„) e we have 

^^(5,6) W = - 7 ^7 r (l^ - y\^~" + \x- y\^~") Aw^i,,e){y)dy 

where x = {xi, ...,x„-i,-x„). Now we use a bootstrap argument to prove the 
pointwise estimates. It follows from the last two inequalities that 



sup(A + \x\f\w^i,^)ix)\ < Csup(A + \x\f^^\Aw^^^)ix)\ 



+ C sup (A + \x\f^'^ 



for all < jS < n - 2. Since 

I Aw(5,e)(x)| < ;UA (A + \x\)^^^-" , for all xeUl, 

and 



< nu^-^^ix)\w(^^)ix)\ + |UA 5 (A + \x\)^^^-" , for aU ;c e dKl , 



we see that 



sup(A + \x\f\w^i^)ix)\ < CA sup (A + |:c|)^-V(5,6)WI + C^iA^-^^d+s-f 

for all < jS < n - 4 - 2d. Interating we obtain 

sup{A + \x\r-^'-^\w^^Mx)\ <C^A'-^. 

X€S.l 

The derivative estimates follow from elliptic theory, finishing the proof. □ 
Corollary 3.4. For any e AQ, the function v^i^^e) - M(te) ~ ^(Le) satisfies 



(. n-2 
A 
- 

Proof. It follows from the definition of if that 



OKI) 



MM 



.)^(5^)'/' 



JlRl 

- f ^lA'^fiA-^m^WijdidjU^^^^xp, 
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for any \p e II(5,e). Hence we can write (5,6-) = -^(£,e)(Bi + B2, 0), where 

B2 = ^lA^'nA-^\x\')H,jdidjU^t,e) 



and ^(£,e) is the operator defined in the proof of Proposition 2.8 
On the other hand, 

= - I {< dU(i_e),dlp >g +CnRgU^i,e)4'] 

Jr'; 

Hence we can write C(£,e) - M(£^e) = Q{i„e)(Bj„ {n - 2)84), where 
Puting this facts together we conclude that 

V(E,e) - U(i^,e) - ^y(£,e) = &(^,e){Bl + B2 + B3, (m - 2)64) . 

Now we are going to estimate the terms Bj, B2, B3, B4. Since 

|Bi(x)| < Cd{\h\\dw^^,,)\){x) + C{\d^h\\h\ + \dh\^)\w^,4{x) 
<Cfi^A"-^{A + |x|)*^+4-" , for |x| < p , 

we have 

2 1 id+i "> ^ 



IIBill 2„ < Cu^A*''-^* + C, 



It follows from Proposition |3 . 1 1 that 



n-2 

IIB2 + B3II z„ <Cu2a4^^4 + c|''^^ 
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Since |B4(x)| < C|c(£,e)(x) - «(£,£■) (x)| ""2 for any x e (91R", we have 



_"_ {2d+2) 1: j A 

IIB4II < C\\v^^,e) - W(mII "20,-1) < Cfi"-2 A -2 + C 

where in the last inequality we used Corollary |3.2| 
Using the estimates above we see that 

„ {2d+2)n / A 

||Bi +B2 +B3II 2„ +||(n-2)B4|| 2,„-i) <Cu—^A^^+C\- 
Hence, 

n Pd+2)n / A 1 

l|j'(L.)-W(t.)-iy(t.)ll^|iL^j^„j+||i'(i^,.)-M(5,.)-r«(5,.)||^2^ -2 +CI- 



Lemma 3.5. For any (5, e) e AQ we /lai^e the estimate 

C ^ If 2(2-1) 



2(n-l) (4ii+4)(n-l) „ / A 

< C^— A^^ +C - 



n-l 



Proof. It follows from the pointwise estimate 

^ ^ \ 1 / 20^ ?(2zl)\ 



that 



r ^ ^ If 2(^ 



^ C b(£,e) - W(£,e) < C 



2(n-l) 
0-2 



where in the last inequality we used Corollary |3.2| Now the result follows. □ 



Proposition 3.6. Let he the function defined by the formula {2.191 For any pair 
(£,, e) e AQ we have the estimate 



Tg{l,e)- \ \ huhjid,U(i,e)djU(i,e) + '^-^ I {dihijfu}^^ 
^ Jb+(0) 4 Jb+(0) 

- r ^a2''/(A-2|x|2)H,^5,-^^W(5,,)1^(j,,) 

2(,i-l) (4J+4)(,.-l) , , , / A\^ ^/A'I"^ 

< Cfj^A^^ +CfiA2'^+2|-l +C| 
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Proof. It follows from the definition of vi^^^e) that 

-(m-2) I \V(t,e)\'^^Vi^t,e){^(i„€)-U,^l,e))=^ 



Thus, 



We set 
Thus, 



f \\dV(^t,€)\l- < dV{l„e),dU(:,_e) >g +C„Rg{v^^f^. - U^l„e)V(l„e))} (3.5) 

I {< rfW(i;,e)/ - M(£,e)) >g +C„RgU^i,e){V{l,e) - M(£,e))} (3.6) 

- I hijd,djU^!,^e){V{te)-U^I,,e))-{n-2) I M 7^^,(l'(i;,e) - W(i;,e)) 



e = I {-|rfM(j;,e)|^+ < dU(i^e),dV(i^^e) >g +C„Rg{U(^_e)'U(i„e) - "^^e))} 

- ( /!,y5,5yM(£,^)(i;(i-,g) - M(5,^)) - (n - 2) | - "(TT 

Jr« J^r!; ^- ' ' ^ ' ' 

Hence, summing | |3.5| and | |3.7| , 

Q = {\dVite)\l - \dU(^.e)\l + CnRgivl^,) - "(5,,))} (3.7) 
JR"; 

- (" - 2) J^^^^ |(I^'(L.)I "-^ - ) + (W(£,'^) - \V{t,e)\'-^)Ui;i,_e)V(t,e)'^ . 



Then 



1%.)!-- + —^u-;^ \ (3.8) 



f /n-2, ,20^1) (n-2)2 
Jdwi \n-l ' ' n-1 

-{n-2) I (nf^ -|z;(i;,^)|A)M(£^^)z;(£_^)+2(n-2) | uj- 

- I + ^nRgUfi^^^ + hijd,djU(i^^e){V(i„e) " • 
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We set 



2(11-1) 

and observe that |dM(£,f)p = {n-2) J^^„ ^\l'e) ' 
„ n-2 r f 2(„-i) 

^^(^'^^-^~L„H^-"(5} (3.9) 



\ (4J+4)(n-l) 2(11-1) / A\" I 

= 0| A "-2 |U "-2 + I - I 1 + 



where in the last inequality we used Lemma 3.5 
On the other hand. 



where 



B = ^ r hahjidiU(i,e)djUii^,e)-'^-} \ {dihjfu^, (3.10) 

+ I liA^^f{A~^\x\'^)HijdidjU^(^^e) ^'(Le) +61+62+63 + 64 + 65 



61 = - \ hijdiU^i^e)djU(l^,e)+C„ didjhijU%^y 
62= 1 {g'^ - b,j + h,j)diU(i,e)djU(i^,e)- \ lhiihjidiU^E.e)djU^^,e) 
= I ig'' -£>,j + h,j)diU(:,_e)djU^S„e) 

Jr!;\b+(0) 

+ 1 ig'' - ^tj + h,j - ^hiihji] ^/M(£,e)(9^Mg,e) , 
Jbiao) ^ ^ I 

= Cn \ {Rg-didjh,j)u\ ^^+Cn \ \Rg + \{dlh,jf\u\ y 

Jr« 

65 = - I fiA^'*/(A"^|x|2)H,y(9,(9yW(5,f)a;(i;,e) + I h,jdidjU(i_e) W(i,e 



24 



For the expression of £3 we used the fact that djhij{x) = for |x| < p. We are 
going to use this same fact in the rest of this proof. 

Now we are going to estimate the terms ei, £5- First observe that for |x| < p 
we have 



f'{x) - 6,j + h,j{x) - -h,jhji{x) 



< C\h{xf < Cji^iA + Mf'^^'' (3.11) 



and 



R,{x) + ^{d,h,j)\x) 



< C\h{x)f\d^h{x)\ + C\h{x)\\dh{x)\^ (3.12) 

< Cfi3(A + \x\f^^^ < C^^A + \x\y^2(iM)-2 . 



Here, we used Lemma [2. 1| 

From the identity M(5,e)5/(?yM(£,e) - ;^'3/W(4,e)'?y"(L<r) = -;iZ2M"(Le)l^'5/y and the 



fact that hjj = we see that 

I hijdiUi^t,e)djU{^t,e) = I hijU{t,e)didjU(;i^_e) 

= - I d,hij M(i;,e)(?; W(£,e) - I hijdiU^^^e)djU(^i^^e) , 

where in the last equality we integrated by parts. Thus, 

'^l ^ otI^IT 1 dih,jU,^t,e)djU(i^,e)+Cn \ d.djhij ul^^^y (3.13) 

^l" - -i; Jki\b+{0) Jr^\b+(o) 
Then we use the identities 1 3.13^ , ( 3.11[ and 1 3.12 1 to estimate ei, £2 and £3 
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respectively and conclude that 



kil < Cp 



n-2 



(3.14) 



n-2 



|e2l<C(^j +Cfi3AS(4d+4)^ 



n-2 



^4 

Jk" 



_5L , {2dtl)„ I A 



2(»-l) , (4.i+4)(»-l) ^ 2rf+2 / A \ ^ _!L , P''+2)" / A \ ^ /A 



< Cfi^A "-2 + juA^""^^ ( -j + /,iS=2A^^ ^-j 



n-2 



ksl < p 



,2d+2 



)!-2 



Now we are going to estimate g using its definition (equation |3.6l). Inte- 
grating by parts and using the second equation of | |2.1| , we obtain 

Igl < I - ^gU(i^_e){V(l,e) - U(i,,e)) + CnRgU(i^,e){V{l„e) " «(E,e)) (3-15) 



A 

n-2 



Here, we used Proposition 3.1 and Corollary 3.2 in the second inequality 

The result now follows from |(3l9}, | |310) , 1 314) and | |3l5) . □ 



4 Finding a critical point of an auxiliary function 



Let us follow the notations of the last section. We define 

F{l,e) = )- \ HaHjid,U(i^,e)djU(i^,e)-'^-} \ {d,Hij)V.^.+ [ Hijd,d 
^ Jr" * Jk" ' Jr" 
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where is the unique element of ^{i„e) that satisfies 

I <dz^^^e),dlp > - I nuJ[\ Z(;t,e)^ = - \ H,jdid jU^t,e)4' (4.1) 
Jr" JdKl ' Jr" 



for any e £(£ e). The function Z(£ ^) is obtained in Proposition 2.7 with hai, = 0. 

In this section we will show that the function F(5, e) has a critical point, 
which is a strict local minimum. Recall that throughout this article we use 
indices 1 < i, i, j, k,l,m,p,q,r,s < n - 1. 

Since Hab{-x) = Hab{x) for any x e M", the function F(5,e) satisfies f (£,/£) = 
f (-^, e) for all e) e M""! x (0, co). In particular, 

d 

— F(0, e) = r^^f (0, e) = , for all e > . (4.2) 

c/4p (yedi,p 



Proposition 4.1. We /zai^e 

2g„-2r"+^ 
is;-^"'""' (n-l)(n + l) 

„K+2 



/ 

J SI'- 



+ -^^77Yt(W,¥ + W,,,,)-6„ 



(n-l)(M + l) 



and 



P^^if^^)^'^' = („_i)(r+l)(n + 3) ^^'^^' ^ ^ ^'-'^'^ 



2(n - !)(« + l)(n + 3) ' / ^ 

Proof. Observe that 



r {diHijf{x)xPx'^ ^ f {Wnjr + W„j,){Wuj„, + W,„,j,)x''. 



x^xPx^ 



and 



r {Hijf{x)xPx1 = I WiMWirj„,x''x'x''x"'xPx^ . 

Jsr^ Jsr^ 

Now we just need to apply Corollary |A-3| in the Appendix. 
Proposition 4.2. We have 

m,f{x)xvx^ = ^^_^^{;l^^^^^^^ i^w + w,v,p)(w,,,, + w,,,) 

• j(M + 3)/(r2)2 + 8r^f{r^)f'{r^) + ir^f'{r^f] 
-(Wft^v + W,^vc)'6p, 



(n - 1)(m + 1)(m + 3) 
• [{n + 3)/(r2)2 + 4r7(r2)/'(r2) + 2r^f'{r^f] . 
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Proof. Since 

d,Hij{x) = f{\x\')diHij{x) + 2f'{\x\')x'H,j{x) 

we obtain 

{diH,jf{x) = /(|x|2)2(5,H,^f (^) +4/(|x|2)/'(|x|2)x'o),HyH,Xx) +4|x|V'(|x|^ 

= f{\xmd,H,jf{x) + 8/(|x|2)/'(|f|2)(H,^.)2(x) +4|x|2/'(|xp)2(H,,)2(x) 

Hence, 

r {d,H,j)\x)xPx'^ = f{\x\Y f {diHijf{x)xPx'' 

+ (8/(|x|2)/'(|x|2) + 4r2/'(|x|2)2) £ ^{H,jf{x)xPx^ 

and the result follows from Proposition |4.1[ c 
Corollary 4.3. We have 

f {diH,jf{x) = 



Proof. By Proposition 



4.2 



r {dfl,jf{x) = y r (5,H,y)2(x)(xP)' 



o„-2r 



(n - l)(n + 1)(m + 3) ' ' 

■ {{n + 3)f{r^f + 4:r^f{r^)f'{r^) + 2r^f'{r^f] 

^ yn+l 



Proposition 4.4. We toi^e 

^("-^)- 4(n-l);"l) (^'--^-'^^-'^-^)^ 

r" j(n + l)/(r2)2 + Ar^f{r^)f'{r^) + 2rV(''^)^} e""^((e + f)^ + r^f'^drdt . 
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Proof. It follows from symmetry arguments that Z(o,e) = and 

I HiiHjidiU(Q_e)djU(Q,e){x) 

Jsr^ 

= r " 1 /(|xp)^W,p;,W,rf„,x'x/xPx'?x'x"' ^ ■ 

Js;;-2 ((e + X„)2 + 

Hence, we have 



c 



- , , , {diHijf{x)uf^Ax)dar{x)drdx„. 

* -'0 Jo Jsr^ 



The result now follows from Corollary |4.3| 
We write 



noo 



,=0 

where 

fr° 4(„-i)(r.i) '"»^'^""->''- 

and define the coefficients a,, e ]R by the formula 

2d 

2^ a^s"? = (n + \)f{sf + 4s/(s)/'(s) + 2s7'(s)2 . (4.3) 

,=0 

Here, d is the integer in the formula | |3.1[ . Changing variables f = f/e and 
r' = r/e we obtain 

2rf „oo poo ylq+n 

and, changing variables f = r/(l + f), 

'^^ /^co y^oo 2cj+n 

Now, we have 



Jo + 



1 



5-2? n-6-2q 
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and 



r°° r^+" _IA-M-i + 2yl r°° r"-^ 

where we used Lemma [A-l| Hence, we can write 

j-H-2 

_^ (Y7r^2dr (4.4) 

where 



- ' ^ n-l+2j 



j-2fl 111 M-5-2/ 



(4.5) 



We will now turn our attention to the second order derivatives of the func- 
tion F(£„ e). 

Proposition 4.5. We have 



in -2) 



4 

^ W% ((..x,.)^"I|.F)»-^ ('^'^'^-(-))^^^^ ■ 



Proof. The proof is the same of Proposition 21 of ||6l. □ 
Proposition 4.6. We have 

2(m - l)(n + + 3) ' ' ^' 

ncx3 i;— 2 
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Proof. It follows from Corollary | A-3 1 in the Appendix that 



2{n - l)(n + 1) 
Hence, 



^ ' .2\2, 



It follows from Proposition |4.2 1 that 

Jk. ((e + x„)2 + |xp)« ^ ■ ^ 

= (n-l)('Tl)(n.3) (^'-^^' ^ ^ 

ncx3 n—2 n+2 

and from Corollary |4.3| that 

Jk:; {{e + x„f + |x|2)"-i (n - l)(n + 1) ^ ^ '^^ 

nco n—2 n 



Observe that 



2(n - l)r«+V(''^)^ \ r"^^f^r^f 



((e + x„)2 + r2)« dr \ ((e + x„f + r2)«-i 
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Substituting the equation 1 4.10[ in the equation | |4.9^ we obtain 



L {{e + x„)2 + 



p? 

X|2)"-l 



(4.11) 



-dtdr 



Jo 

2 



((e + x„)2 + r2)«- 



since we are assuming that n> Ad + 6. Now, using the equations | |4.7) , 1 4.8 1 and 
( 4.11) in Proposition 4.5 we obtain 

<92 



= 2(n-l)(r'+"V ^'P^' + + 

r"+7(r2)2drrff 



Jo 



e"-2 

((e + x„)2 + ,2)„- 
2(n-%";n!l';(n.3) (^'^^' + W,,,)(W,, + W.,) 

^n-2 



CO /-»CX3 



„«+2 



JO {{e + Xnf + r^r 
{n-2fa„-2 ,2, 
4(n - l)(n + 1)(m + 3) ' -/ n 

^n-2 



j(M + 3)/(r2)2 + 8r^f{r^)f'{r^) + Ar^f'{r^f] drdt 



„«+2 



(w - 2)2a„_2 
4(m - l)(n + 1) 



((e + x„)2 + r2)" 



[{n + 3)/(r2)2 + Ar^f{r^)f'{r^) + 2r^f'{r^f] drdt 



JH-2 r/„2\2 



(« - 2)2a„_2 



((e + x„)2 + r2)" 



fir^drdt 



_;j-2 



Jo 



4(M-l)2(n + l) 

and the result follows after we cancel out some terms in the above equation. □ 
Let us define constants /S^, for q = 0, 2d - 1, by the following expression: 

2d-l 

Y^t},s^ = 2f{s)f'{s)+sf'{sf. 

q=0 
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Proposition 4.7. We have 



•CO /-»CO 



where 



Proof. 



JO JO ((e + x„)2 + r2)« 



(2/(r2)/'(r2) + r^f'ir^f) drdt (4.12) 



^ Lin-b-lq U_ln-5-27 



<|=0 



Jo 



{{e + x„f+r^Y 



^ (2/(r2)/'(r2) + r2/'(r2)2) drdt 



(j=0 
2d-l 



Jo 



((e + x„)2 + r2)" 



iCX3 /-»CX3 



ij=0 
2d-l 



yH+i+lq 



Jo 



((l+x„)2 + r2)« 



Now we observe that 



Jo + 



5-2'? n-6-2q 



and apply Lemma A-1 to see that 



p ^„+4+2, ^ i^„ + 3 + 2yl p r«+2 

Jo (TT7^'^''-|n;7^5^rJo (TTT)^'^''- 



4,1 The case n > 53 

In this case we choose d = 1 in the equation \3.1\ . Then the coeficients Uq in the 
equation | |4.3^ are given by 

ao = {n + 1) flg , ai = 2(n + 3) % ai, a2 = {n + 7) . 
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Thus, derivating I{s) in the expression ||45} we obtain 

2ao(n-l) 3ai(n - l)(n + 1) 4a2(w -!)(« + !)(« + 3) 



(n - 6)(n - 5) {n - 8)(n - 5){n - 7) (n - 10)(n - 5){n - 7){n - 9) 

2(n + l)(n - 1) f 1 , 3(n + 3) , 2(m + 3)(n + 7) , , 

^ ^ %^ + 7 — — ^«oflis + 7 aV 



n-5 \n-6 (n-8)(n-7) " ' (n - 10)(n - 7)(n - 9) ^ 
Now we choose fli = -1 and define the polynomial p„ by 



n(«o) = 7 - 7 ^77 + 



3(M + 3)flo 2(n + 3)(n + 7) 



n-6 (n- 8)(n - 7) (n - 10)(n - 7)(n - 9) 
Hence, 

2(n + l)(n-l) 
^ (1) = ^^^5 Ph(«o) • 

The discriminant of p„ is then given by 

(n + 3)2 f 8(n - 7){n - Sf{n + 7) 



discriin(p„) = 



(n - 7)2(m - 8)2 [ {n + 3){n - 6){n - 9){n - 10) 
(n + 3)2 q{n) 
~ {n - 7f{n - 8)2 (n + 3)(n - 6)(n - 9)(n - 10) ' 

where 

(j(n) = 9{n + 3)(n - 6)(n - 9)(n - 10) - 8{n - 7){n - 8)\n + 7) . 
Observe that 

q'{n) = An^ - llQn^ + 2082n - 5624 

and 

q"{n) = 6(2n2 - 70m + 347) . 

70-1- A /^~\ OA 

Since the roots of q" are less than 53, we see that q"{n) > for n > 53. 

Since q{53) = 105696 and q'{53) = 110340, we conclude that discrim(p„) > for 
n > 53. Hence, if we set 



(n + 3)(n-6) 
" 2{n - 7){n - 8) 



3 + 



8(n - 7)(n - 8)2(n + 7) 



(n + 3)(n - 6)(n - 9)(n - 10) 



then s = 1 is critical point of l{s). According to Proposition |B-l | in the Appendix, 
< for n > 53. 

Now we will handle /(s), as defined in Proposition |4.7[ We have 

(M + 3)^os2 (n + 3)(n + 5)/5is3 
/(s) = TTTT ^ + 



(n - 6)(n - 5) (n - 8)(m - 5)(n - 7) 
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where 
Hence, 



/(s) 



jSo = 2 flo «i and jii =3a\. 



(M + 3)fli (2floS^ _^ 3(n + 5)flis^ 



M-5 (n- 8)(m - 7) 

If we set flo and flj as above we have 

7(1) 



(n - 8)(n - 5)(m - 7) 



6-(n + 3) J9- 



8(w - 7)(w - 8)2(m + 7) 
(n + 3)(m - 6)(n - 9)(n - 10) 



According to Proposition |B-2| in the Appendix, /(I) < for n > 53. 
From the equations | |4.2| , | |4.4| , | |4.6[ and | 4.12| and the above results we can 
conclude the following: 

Proposition 4.8. Suppose that n > 53. If we set Ui = -1 and 

{n + 3){n - 6) 



2(n - 7)(n - 8) 



3+ 9- 



8{n - 7){n - 8)\n + 7) 



(n + 3)(n - 6)(n - 9)(n - 10) 



fen r(l) = 0, -f"(l) < and /(I) < 0. In particular, the function F{E„e) has a strict 
local minimum at the point (0, 1). 

4.2 The case 25 < n < 52 

In this case we choose d = 4 in the equation The coeficients Uq in the 

equation | |4.3^ are then given by 

ao = (n + l)al, 

a\ = 2{n + 3) aq «i / 

a2 = 2{n + 5) aq ^2 + + 7) flj , 

as = 2{n + ll)flifl2 + 2(n + 7)aQaj,, 

Ui - 2{n + 15) fli fl3 + (n + 17) a^ + 2{n + 9) aq «4 / 

as = 2{n + 23) ^2 «3 + 2(m + 19) fli ^4 , 

a6 = (n + 31) ^3 + 2(n + 29) fl2 ^4 , 

a7 = 2{n + 39)fl3fl4, 

as = {n+A9)al. 

Thus, derivating I{s) in the expression < |4.5[ l we obtain 



(<? + 2) a, 



q=0 



n 



M - 1 + 2; 



- 6 - 2<? 1 i^i « - 5 - 2; 
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Now we choose fli = -3/5, fl2 = 1/8, as = -1/125, = 10 ^ and define the 
pol5momial r„ by r„(flo) = ^'(1)- Hence, 



^"('^"^ = (n-6)(n-5) ' ^ |L ^^^^^^^T^e^ U ^7^5^ 
^ q + 2 -A-n-1+2/ 

where 

6, ^, , . n + 5 , . 2, „ ,,n + 9 
yi(n) = --(n + 3), y2(w) = — ^— , ysC") = + 7) , y4(w 



5' " ' 4 ' -^^^ ' 125' " ' 5000 ' 

. , . 9(n + 7) ^ ^ ^ 3(m + 11) ^ ^ ^ 1009m + 16385 , , , 53n + 1207 
b^{n) = -^Mn) = ^>^^in) = ^^^^^ Mn) = - ^^^^^ , 

^ , ^ 89n + 2709 ^ , , n + 39 ^ , , n + 49 
^6(«) = ^^' ^^("^ = -625000' 
Direct computations show that discrim(r„) > for 25 <n < 52. 
If we choose 



{n - 6)(n - 5) 



■ L y^^^^^i^^a i 1 ^7^5^ + Vdiscrim(r„) 



4(n-l)(n + l) I ^"'^ 'n-6-2(j i^in-5-27 

thens - 1 is critical point of I(s). For 25 <n< 52, direct computations show that 
J"(l) is of the form -ei - 62 yfe^, where 61,62, 63 are positive rational numbers. 

, is written as 



The function /(s), defined in Proposition 4.7 



n ■•-6-2^; 



A M + 3 + 2y 



where 

jSo = 2flofli, jSi = 4flofl2 + 3flj, 1S2 = 6flofl3 + 10flifl2, jSa = 8flofl4 + 14flifl3 + 8fl2, 

j84 = 18fli fl4 + 22fl2fl3 , jSs = 28fl2fl4 + 15fl3, jS6 = 38fl3fl4, jS7 = 24fl^. 

For 25 < n < 52, direct computations show that /(I) is of the form -ei - 62 V^' 
where 61,62/63 are positive rational numbers. From the equations | |4.2| , | |4.4[ , 
( |4.6[ l and ( 4.12^ and the above results we can conclude the following: 

Proposition 4.9. Suppos6 that 25 < n < 52. -fffli = -3/5, fl2 = 1/8, fl3 = -1/125, 
fl4 = 10~* and 



flo 



(n-6)(n-5) _^ q + 2 fr » - ^ + 2; , 

4(n - l)(n + 1) I ' n-6-2qi_\n-5-2i^ yiaiscnnt(r„) ^ 



th6n /'(I) = 0, /"(I) < and /(I) < 0. In particular, the function F(£„e) /ifls fl strict 
local minimum at the point (0, 1). 
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5 Proof of the main theorem 



In this section we will make use of the two-tensor H, defined on R", the 
pol5momial / and the open set Q c ]R"~^ x (0, oo), which were defined in Section 
ill As in Sections |4l] and |42l we fix rf = 1 if n > 53 and d = 4 if 25 < n < 52. We 
set D,.(0) = {xe dKl ; |x| < r]. 

The basic ingredient in the proof of the Main Theorem is the following result: 

Proposition 5.1. Assume that n > 25. Let gbe a smooth Riemannan metric on R" 
expressed as g = exp{h), where h is a symmetric trace-free two-tensor on R" satisfying 
the following properties: 



[hai,{x) = llX^fiA-MWaiix) , for \x\<p, 

Kb{x) = , for\x\>l, 
hnb(x) = , /or X e R" , 

dnhab{x) = , forxe <9R" , 

where a,b = 1, n. We also assume that 

\h{x)\ + \dh{x)\ + \d^h{x)\ <a<ai, for all x e R'^ , 



(5.1) 



where a\ is the constant obtained in Proposition 2.8 



If a and ^A" °p " are sufficiently small, then there exists a positive smooth 



function v satisfying 



A„v - c„RgV - , 



1 3x„ 



inK„v + (n - 2)v«-2 = 0, 



in R» , 

on 5R'I 



and 



/ 

JdR'i 



^ 2(„-i) ^ (Q{B",dB) 



n-l 



Moreover, there exists c = c{n) > such that 

sup c > cA 2 . 

Da(0) 

Proof. It follows from the fact that 

{n + l)f{sf + 4s/(s)/'(s) + 2s'f'{sf = {n- \)f{sf + 2(/(s) + sf'{s)f 



(5.2) 



(5.3) 



(5.4) 



we 



and Propostion |4.4| that F(0, 1) < 0. According to Propositions |4.8| and 4.9 
can choose the coefficients ao, ...,ai] in the formula ( |3.1| such that the point (0, 1) 
is a strict local minimum of F. Hence, we can find an open set Q' C Q such that 
(0, 1) e Q' and 

F(0,1)< inf F(Le-)<0. 

(5,e)e5n' 



37 



Observe that M(/V5^Ae)(Ax) = A~T^M(5,e)(x) and zf(AtAe)(Ax) = /iA^'^'^^~T^Z(5,e)(x) for 
all X e ]R" . Here, w^^^e) and z^^_e) are the functions defined by the formulas ( |3.2| 
and ||4.1| respectively. Thus, it follows from Proposition 3.6 that 



2d+2 



+ c 



'A 



11-2 



for all (5,e) e Hence, 

\^-^A-^'^-%{ALAe)-F{te)\ < Qi^A^ 

+ Qz-iA^p"? + C^-^A-'-^^-V'-" 
for all {l,e) e Q. If ji'^ A"''^'''^ p^'" is sufficiently small then we have 
TgiO, A) < inf rUA^' Ae) < . 

Thus we conclude that there exists a point (L £ such that 
rj(AL Ae) = inf TAAE,, Ae)<0. 



2.9 



By Proposition 
positive smooth so 



the function v = P(Ag,Ae) obtained in Proposition 2.8 



IS a 



ution to the equations p.2\. Hence, by the definition of fg 



(see the formula 12.19 1) and the formula dZzEwe have 



n-2 r n-2 Q(B",dB)\ - , , 

V— ^ ' ' ] +T{ALAe). 

n - 1 JdRi n-l\ n-2 / 



This implies the inequality p.3\. 



In order to prove the inequality 1 5.4 1, observe that 
\\v - u, 



(Da(0)) 



by Propositions 2.2 and 2.8 Hence, 



|Da(0)|2'"-i' sup V > \\v\\ 2(„-i) > -Ca + IImme j 



Da(0) 



Ae)l 



2{n-l) 
L^(Da(0)) 



Now, the inequality 1 5.4 1 follows from choosing a sufficiently small. □ 

Now the Main Theorem follows from the next theorem, using the conformal 
equivalence between B"\{(0, 0, -1)} and M" (see Lemma 2.3 1, the properties 
((^ and Lemma [ZIP] 



Theorem 5.2. Assume that n > 25. Then there exists a smooth Riemannian metric g 
on ]R" with the following properties: 



(a) gab{x) = bah for \x\ > 1/2; 
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(b) g is not conformally flat; 

(c) (9]R" is totally geodesic with respect to the induced metric by g; 

(d) there exists a sequence of positive smooth functions (Cv}|^i satisfying 



I AgVv - c„RgVy = 0, inWl, 



J-i^v - d„K„v^ + (n - 2)vir' = , on dUl , 



(5.5) 



for all V, 



/ 

JffR 



v„" < I — 

n - 2 



for all V, and sup^^^Qj ^ oo as v ^ oo. 

Proof. Let j : ]R ^ ]R be a smooth cutoff function such that x{i) = 1 for f < 1 
and x{i) = for t > 2. We define the trace-free symmetric two-tensor h on R" 
by 

oo 

habix) = Yj A'(4N2|x - xnI)2-''^/(2^|x - xnI)H„6(x - x^) 

N=No 

where x^ = 0, 0) e dK". Observe that h is smooth and satisfies ha„{x) = 
for X e R" and d„hab{x) = for x e . If No is sufficiently large, then h„i,{x) = 
for |x| > i and \h{x)\ + \dh{x)\ + \d^h{x)\ < a for x e R", with a sufficiently small 



as in Proposition 5.1 Then we define the metric g{x) = exp{h{x)) for x e R" and 
the result follows from Proposition 5.1 □ 



Appendix A 

In this section we establish some useful identities used in Section |4] They are 
simple computations which are performed in the Appendix of ||6l. 

Lemma A-1. We have ^ . M J- 0s^jor a + 3<2m. 

Proposition A-2. We have 

.2 



k{k + n-3)isr 



for every homogeneous polynomial pj^ of degree k. 
Corollary A-3. We have 

r _ On-l 

Js»-2 ^ n-\ 

I XiXjXkXi = — Tzidijdki + 6ik6ji + 6a6jk) 

Js„-2 ^ (w-l)(n + l) ' ' ' 
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and 



g«-2 

(m-1)(m + 1)(m + 3) 



{bijbkibpcj + bijbkpbiq + bijbkqbip 



+bikbjibpci + bikbjpbu^ + bikbify 
+biibjkbpq + bnbjpbkc, + bnbj^btp 
+bipbjkbitf + bipbjibkq + bipbjqbki 
+biqbjkbip + bujbjibkp + b^bjpbki) . 



Appendix B 



In this section we establish some results used in Section [4111 The notations here 
are the same of that section. In particular, we fix ui = -1 and 



«o = 



{n + 3){n - 6) 
2{n - 7){n - 8) 



3+ 9- 



8{n - 7){n - 8)2(n + 7) 



(n + 3)(n - 6)(n - 9)(n - 10) 



Proposition B-1. We have < Ofor n > 53. 

Proof. We are going to prove that /"(I) < for n > 70. If 25 < n < 69 the result 
follows from direct computations. We write 



(n + 3)(m - 6) 
2(n - 7)(n - 8) 



3 + 



8pA{n) 



PB{n) 



where pA{n) = (n - 7)(n - Bf(n + 7), psin) = (n + 3)(n - 6)(n - 9)(n - 10) and 
define 

qdn) = PA(n) - PB{n) and qu(n) = apB(n) - pA(n) , 

where = '^^'^^^ 
wiieie u 28800' 

Claim, qiin) > for n>9 and qu{n) > for n > 70. 

In order to prove the Claim, first observe that the forth order terms of qi 
cancel out and we have qiin) = 6n^ - 114n^ + 712n - 1516. Hence, q'j^in) = 
36n - 228 > for n>7, qL{9) = 32 and q[{9) = 118. Thus, qiin) > for n > 9. 

Now we observe that 



quin) = 



2639 
28800 ' 



115429 
14400 



1207877 
9600 ' 



282161 218809 

-n + 



400 



160 



_ 2639 



115439 ^ r\ (r^y V, ^ 7r\ n (7(W - 287074 ./ /yn-, _ 178522037 

1200" ^400" > tor M > /O, (jii(/0) - ^5—, '?y(/0) 



Hence, q'{l(n) = 

and q'{j{70) = i2|122iZ. Thus, qu{n) > for « > 70, proving the Claim. 



7200 
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We asume that n > 70. In particular, we conclude from the Claim that 
a > ^-0^ > 1, which implies 

2(n + 3)(n-6) ^ (n + 3)(n - 6) , 

(n-7)(n-8) ^ ^° ^ 2(n - 7)(n - 8) ^^ ^ ^^^^ " 



Now we use this estimate in 

r'(i) = 



2(n + - 1) ( al 6(n + 3)flo 6(m + 3)(m + 7) 



n-5 \m-6 (m-8)(m-7) (m - 10)(m - 7)(m - 9) 
to see that 

(n - 5)r'(l) ^ 4(m + 3)3(m - 6) 3(3 + V9^^)(n + ifin - 6) 



2(n + l)(n - 1) (n - 7)2(n - 8)2 {n - 7)^n - 8f 

6{n + 3)(w + 7) 
(n - 10)(n - 7)(n - 9) " 

This can be written as 

2(n + 3)(n + l)(n-l)y(n) 
^ ^ (n - 8)2(n - 10)(n - 5)(n - 7)2(n - 9) ' 

where 



y{n) = -{5 + 3 V9 - 8a) (n + 3)(m - 6){n - 10){n - 9) + 6(n + 7){n - 7){n - 8)^ . 

In order to complete our proof, we will show that ^(m) < under our assumption 
on the dimension. Observe that y(n) = -lin* + ^ri^ - ^^ri^ + 211S2„ _ 8205. 
Hence y"{n) = -f n + if2 < for n > 70, y(70) = -118392, y'(70) = -Zi^sa 
and y"(70) = - ^^fp . Now the result follows. □ 

Proposition B-2. We have /(I) < 0/or n > 53. 



Proof. Let us assume that n > 53. We want to show that {n +3) ^9 - ^^-6 > 0, 
whe re we are using the polynomials and pg as in the proof of Proposition 



B-1 



We set again qu{n) = apsin) - pA{n) and choose a = 



Claim. qu{n) > 0. 

In order to prove the Claim, first observe that 

, , 775 4 27341 , 814983 . 551233 2063213 

Hence, q'{;{n) = - ^ > for n > 53, qu{53) = ^?'y(53) = ^Qfip and 

q'{j{53) = ^1^. Thus, quin) > for n > 53, proving the Claim. 
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The Claim implies that {n + 3) ^9- > (n + 3) V9 - 8a , which reduces 
the problem to prove that 



{n + 3) V9-8a - 6 > . (B-1) 

On the other hand, the fact that « = g {9 - ^ } implies g {9 - | > a, which 
is equivalent to the inequality (|B-1|. □ 
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